3. INTEGRATION
UNIT 3.11 Basics

1. Since i(x2 + C) = 2X,
dx

2. Since i(1Ox +c) = 10,
dx

Integration isthe reverse of differentiation

J'Zxdx: x>+ C

ledx = 10x+ C

1. Given di(x3+ c) = 3¢, find J'C:’»x2 dx.

.[ (%(xﬂ c)]

= X+c

j 3x% dx

2. Given i(2x5+ c) =10x* , find lex“ dx.
dx

3. Given 1(1 X5+ cj =3x° find j 3% dx.
dx\ 2

4. Given i(gmj—— 2 find j—% dx.
dx\ x X X

5. Given %(4x3) = f(x) , find jf(x) dx.

6. Given di(100x +¢)=h(x) ,find j h(x) dx .
X

7. Given %(%3) = g(x) ,find jg(x) dx.

d( 2x
8. Given —| — | = f Lfind | f(X) dx.
iven dx(x+1j (x) ,fin I (X)

9. Given %(x(x+ 2)3dx) = wW(X) ,

find IW(X) dx.

10. Given %[(X—S)(XJF 2A]= p(x) ,
find J'p(x) dx.

UNIT 3.1.2 (@) Integration of x" : . n+l
jx dx = +c, nz-1
n+1
3+1 5 _ 9 _
1.Ix3dx:x L e 2.J'xdx_ B.J'xdx_
3+1
X4
= —+¢C
4
4, .[x’e’dx: 5. .[x’zdx: 6. .[xdx:
Integration 1




. n n+1
UNIT 3.1.2 (b) Integration of ax" : Iaxn dx = +c, nz-1
n+1
Note : dex: MX + C ., m aconstant
3+1 4 _ 3 _
1 Ist dx = 6. X L 2. lex dx = 3. j4x dx =
3+1
4
= 6. x +C
4
3x*
= —+cC
2
4. [10dx = 10x+c s Lok = 6. [-3dx =
2
+1 _ _
; j8xdx:8.xl L 8. ijdx_ Q. .[3xdx_
1+1
2
- 8% 4
2
= 4 +c
10. J-12x3 dx = 11. J-8x2 dx = 12. J-lox5 dx =
2 ax = [2x? 8 o _ [ays 12
13. J-F dx = IZX dx 14, J-F dax = j8x dx 15. J-F dx =
—3+1 =
= 2. +C
-3+1
-2
= 2.5 +C
B 1
= —FJF c
2 B 2 B 18. [0.9x2 dx=
16. jﬁ dx = 17. jgx dx = j
Integration 2




UNIT 3.1.3 To Determine Integrals of Algebraic Expressions.

Note : Integrateterm by term. Expand & simplify the given expression where necessary.

Example: I(3X2 —4x + 5)dx =

1
20

|
+
&
+
(@]

1. j(6x — 4)dx 2. .[(12x2 + 8x — 1)dx

3. .[(x3 - 3x + 2)dx

4, j X(3x — 2)dx 5. j (2x — 1)(2x+1)dx

6. j(x+2)(x—3)dx

7. j(sx — 2)%dx

(2x — D(2x+1)
8. j v dx

11. J-(2x’2 - X+ Ddx

12. j (2 — x)%dx

13, [(3-3)(3+2)ax 14, [(-2x7 + 3-x + 5)dx
X X X

Integration 3




UNIT 3.1.4 To Determine the Constant of Integration (1)

Example Exercise
1 SPM 2003, K2, S3(a) 3 Marks 2 ) dy ) )
dy Given — =2x+3 and y= 4whenx =1, findyin
Given — = 2x+2andy=6whenx= -1, dx
dx terms of x.
find y in terms of x.
dy
Answer: — = 2X+2
adx
y = [(2x+2)dx
2
X
= —+2X+¢C
y = X2 + 2X+ C
y=6,x=1, 6 = 1?2 +21) +cC
6 = 3+c
c = 3
Hence y = x> +2x +3
y =%+ 3x
3| . dy 40 y N
Given d— = 4x+1and y= 4whenx=-1, Given d— = 6x—3 andy= 3when x=2,findyin
X X
find y in terms of x. terms of x.
dy
Answer — = 4x+1
dx
y = j(4x+1)dx
— 2
y=2C+x+3 y=3¢—-3x-3
S| dy . 6|  dy , L
Given d— = 4-2x and y=5whenx =1, find Given — = 3x“—2 andy= 4whenx=-1, findyin
X X
y interms of x. terms of x.
y= dx—x2+2 y=x-2x+3
7 d 8 d 3
Given—y = 3(2x—-4) and y= 30whenx = - Given—y = 2——2 andy= 1whenx= -1, find
dx adx X
2, find y in terms of x. y interms of x.
—2x+§+6
y=3¢—12x-6 y=ex+2

Integration



UNIT 3.1.4 To Determinethe Constant of Integration (1)
Example Exercise
1 2 dy
Given — = 6x—4 andy=2whenx= —1, Given d— =2x+5and y= 1whenx= -1, find
dx X
find the value of y when x = 2. the value of y when x = 3.
dy
Answer: — = 6x-4
adx
y= j(Gx—4)dx
6Xx>
= — —-4x+c
2
y = 32 —4x+ ¢
y=2,x=-1, 2 = 3(-1)? -4(-1) +C
2 = 3+4+c
c = -5
y = 3x? —4x -5
When x = 2, y = 32°-42-5=-1
29
3 dy 4
Given d— = 1-3%* and y= 2whenx=-1, Given d— = 6x—3 andy = 3when x =2, find the
X X
find the value of y when x = 2. value of y whenx = 1.
d
Answer: Y o_ae
adx
y = I(l—3x2)dx
—4 _3
5 6 dy
Given d— = 4-2x and y=5whenx=1find Given d— = 3x*-2 andy = 4whenx =-1, find the
X X
thevalue of y whenx = —1. value of y when x = 0.
-3 3
[ 8|  dy 3 .
Given — = 3(2x—-1) and y= 5whenx = -2, Given —— = b— — andy= lwhenx= -1, find
dx dx X
find the value of y when x = 1. thevalue of y whenx = 3
-13 25
Integration 5




3.1.5 To Determine the Equation of Curve from Gradient Function

Example Exercise
1 | SPM 2004, K2, S5 (3 Marks) 2. | Thegradient function of a curve which passes
The gradient function of a curve which passes through B(1, 5) is 3x°+ 2.
through A(1, -12) is 3x* —6x. Find the equation of the curve.
Find the equation of dt:;e curve. AnSier: ﬂ - 3240
Answer: — = 3¢ -6x dx
ax y = .[(3x2+2)dx
y = [(3x*-6x)dx _
3x*  6x°
= ——-—+4cC
3 2
y = X -3¢+c
y=-12,x= 1, 12 = 1 —3()+c
-12 = -2+cC
c = -10
Hence y = x> —6x —10 =+ 2x+ 2
3. | The gradient function of a curve which passes 4. | Thegradient function of a curve which passes
through P(1,—-3) is 4x—6. through Q(—-1,4) is 3x(x-2).
Find the equation of the curve. Find the equation of the curve.
Answer: Answer:
y=2C-6x+ 1 y=x3-3+ 8
5. | The gradient function of a curve which passes 6. | Thegradient function of a curve which passes
through A(1, 6) is 5—3%°. through R(2, 3) is 6xX°—4.
Find the equation of the curve. Find the equation of the curve.
y=5x— X+ 2 y=x3-4x+3
7. | The gradient function of a curve which passes 8. | Thegradient function of a curve which passes

through A(1, 10) is x(6—-3X) .
Find the equation of the curve.

y=3¢C+8

through A(-1, 7) is 3x° + 2x- 1.
Find the equation of the curve.

y=xX+x*-x +6

Integration



UNIT 3.1.6 Integration of theform j(ax+b)”dx, n=-1

ax+ b n+1
'f(ax+b)”dx= Sl
a(n+1)
E s (3x+ 2)+1 E 12 3 a4
X | [Gx+2)tdx= D X 17(2x—3)4 dx = [12(2x-3)*dx
|\A/| |\A/| - 12(2x-3)°
=) = Bx+2° ) -3.(29)
L 15 L
E E =
L | [@x+5)°%dx = 2 4 ~
I J (x-3* "
3| [(2+4%°dx = 41 o2 tax=
5. 3 3 6 15 }
I(2x—1)2 ox = I(3x-5)6 B
7. J'6(2_ x)3dx = 8. I30(4+ 3x)%dx =
9. 15

| 2(1— 2x)%dx =

10.
Va7

Integration




UNIT 3.2 Definite Integral

If J'f(x)dx: F(X)+c, then J'f(x)dx: F(b) - F(a)

2
1. IZX dx = [xz}f 2 j4x3 dx = [x“]i 3 j6x2 dx =
1 = 22—12 ’ = ' =
= 4-1
= 3
[81] [14]
2 4 3
4 I8xdx: 5 Ixsdx: 6 Ilde:
1 2 1
[12] [60] [20]
2 3 2 2 3
7. [3x? dx = 8 |(=)dx= 9. | — dx=
! 6o J2x
3] (3 3]
2 9 4
3 3 3
10. J.(2—6x) dx = 11. j(4x—3x2) dx = 12. J.x(2x+1) dx =
0 1 0
[-10] [22.5]
[-21]
2 3 1
13. j (2x-1)(2x+1) dx 14. j (3x—2)? dx 15. j X(3x—2) dx =
1 1 0
25
[?] [38]

(9]

Integration




3.2.1 DefinitelIntegral of theform j(ax+b)“dx, n=-1

E 1 st 2 2
X | [@x+2)d- {M} v 3 - [3(2x-1) 7
A ° 53 0 0 1 (2X—1) 1
M _ 5 u
P = {(3xl;2) } _
L 0 T
E - 5 2 r _
15 15 y =
= 2062 !
(1
1. |1 2. |5
10
2x+3)%dx = = dx=
_([( ) _!;(X_3)2
1
y [5]
3|1 4. | 1
_[16(2+ 4x)%dx= I6(x+ 2)%dx =
0 0
[°]
[1280] 12
5 12 6. | 3
j ° 7 X = I = g X =
1 (2x=1) 5 (3x-5)
[2] [3.75]

Integration 9




UNIT 3.2.3 Applicationsof Definite Integral (1)

3 3
Given that jf(x)dx=4, Ig(x)dx: 6
1 1

. Find thevalueof .....

E 2. | 3
jf(x)dx = j[2+ f(x)]dx =
-4 8
3. | 3 4. | s
j[sf(x)]dx = j[f(x)—4]dx =
20 -4
5 | 3 6. | 3
J[4f(X)—2X]dX = J’|:3f(x) 1:| =
8 5
AE 8. | 3
1[[3f(x)—29(x)]dx = ﬂzg(xﬂ;f(x)}dx =
0 14
9 |3 _ 10 | s
j[sf(x)g 909 4 = j{ F(x)+29(x) - 1}dx =
6 16
Integration 10




UNIT 3.2.3 Applicationsof Definite Integral (1)

1 K 2. 2
Given that j (2x—3)dx= 6 , wherek > -1, find Given that j (2x—1)dx= 12, wherek > 0, find the
-1 0
the value of k. (SPM 2004, P1, Q 22) value of k.
k=4 4
3. k 4. k
Given that 1(3_4x)dx=_ 20 , wherek > 0, find Given that j(6x+1)dx =14, wherek > 0, find
0 0
the value of k. the value of k.
4 2
5. 6 6 6. 3
Given that I f(x) = 7 and I(Zf(x)-kx):lo, Given that j f(x) =5 and
2 2
find the value of k. [SPM 05, P1,Q21] 3
j (3f (x) + kx) = 23, find the value of k.
1
Ya 2
5. 5 5 6. 4
Giventhat [ f(x) =6 and [(f(x)+kx)=10, Given that j f(X) =3 and
2 2
find the value of k. 4
j (Kf (x) +6x) =39, find thevalueof k. [k=-2]
1
8
21 2

Integration 11




Questions based on SPM Format (I)

1 23 y2 2 3
Find the value of I —0X. Find the value of .[ X(4—X)dx.
X
1 0
1 9
3. 2 4 4
5dx 15
Find the value of j—z ) Find the value of 42dx.
5 (1+2x) 1 (3x=2)
2 4.5
5. k 6. k
Given that I(Z_ 2x)dx: —16 , wherek > 0, Given that I(4x_1)dx: 6, wherek > 0, find the
1 0
find the value of k. value of k.
k=5 k=2
7. 4 4 8. 4 4
Given that | f () — 15 and j(zf(x)—kx): 6. Given that j f(x) =10 and j(sf(x)—kx)z 0,
0 0 1 1
find the value of k. find the value of k.
k=3 k=4
Integration 12




SPM FORMAT QUESTIONS(I1)

1. | (SPM 06, P1,Q21) 2. 4
5 . _ .
Given that Ig(x)dx=8,find Given that Jl‘g(x)dx_lo,fmd
1
1
1
(a) the value of jg(x)dx, (@ thevalue of J-Zg(x)dx,
5 4
5 4
(b) thevalue of k if j[kx— g(x)]dx =10, (b) thevalue of Kk if .[[k +29(X)]dx = 50.
1 1
3
(@-8 ®) 2 (@) -20 (b) k=10
3. _ 3 . _ 4, 4
Giventhat [ g(x)dx =5 find thevalueof p if Given that jg(x)dx: 9, find thevalueof p if
0
3 4
[[2px+ 3g(x)]dx = -3. [[lc—3g(3)]dx =48
0
1
p=2 k=10
S. . dy 6. . dy 2
Given & = 4x+2and y=10whenx= —1, Given & =1-2x+3x" and y= 3whenx=1,

find y in terms of x.

y=2x2 +2x + 10

find y in terms of x.

Y= X=X+ X+ 2

7. | The gradient function of a curve which passes
through P(1, 3) is 8x —3x2. Find the equation of
the curve.

y= 8x—3%

The gradient function of a curve which passes through

1
Q(-1,4)is 2X—— . Find the equation of the curve.
X

y=x2+£+4
X

Integration

13




SPM FORMAT QUESTIONS(111)

1. | (SPM 06, P1,Q20) 2. | Diagram 9 showsthe curvey = f(x) cutting the
Diagram 8 shows the curvey = f(x) cutting the x-axisat x= aand x= b.
x-axisat x = aand x = b.
Va y=9(
y=1f(x)
Diagram 9
Diagram 8
X
O] a b
SRE . N7 7/4
Given that the area of the shaded region is 6 unit?, find
Given that the area of the shaded region is 5 unit?, a
. b the value of I3g(x)dx.
find the value of jzf(x)dx. A
a
ANSWES & oo ANSWEN & oo,
3. | Diagram 10 shows part of the curvey = f(x). 4. | Diagram 11 shows part of the curvey = f(x).
Ya Ya
5 6
Diagram 10 y= f(X)-§> / Diagram 11
o 7 > x o 8 > x
y=f(x)
4 Giventhat the area of the shaded region is 40 unit?,
Given that I f (x)dx = 15 unit?, find the area of 8
0 find the value of I f (x)dx -
the shaded region. 0
ANSWEN @ .o, ANSWEN @ o,
5. | (sM01) Diagram 12 shows the sketch of part of | 6. | Diagram 13 shows the sketch of part of acurve.
acurve.
YA
YA 10 Diagram 13
4,8
Diagram 12 (6,2
2 o X
, X §) -
o] " (a) Shade, on the given diagram, the region represented
(@) Shade, on the given diagram, the region 10
8 by I xdy -
represented by J xdy - 2
P 10
4 8 (b) If dey = p, find, interms of p, the value of
(b) Find the value of jydx+J'xdy 2
6
0 2
j ydx .
0
Answer: (b)) .ocoveviveene Answer : (D) oo
Integration 14




SPM FORMAT QUESTIONS (1V)

1. | (SPM'03) 2. 12
5 Given that j——————gdx = k(3x—2)"+c, find
Given that j—4dx = k(1+X)" + ¢, (3x-2)
(+x) the value of k and n.
find the value of k and n. [3 marks]
[k=—2 n=-_3
3 k=-2,n=-2
(sPM02) Given that 4X+3d— =6, expressy Given that 8X—2d— =5, expressy interms of x.
X X
interms of x.
y:2x—§x2+c y:2x2—2x+c
5. d? 6. d?
(SPM 1999) Given that —Z =5x*+1, Given that —Z = 2-6X,
dx dx
dy o dy o
whenx=1,y= -3 and — = —-2,findyin whenx=-1,y=3 and — = -1, findyinterms
dx dx
terms of x. of x.
1ol ayil
y=6% 2" 4X+3 y=x*-x>+4x+5
Integration 15




7. | (SPM 2002) Given that 8. 1
1 4 Given that j (3x2 + 10kx + 4) dx = 0. Find the value
[(16x* + 10kx + k*) dx = — . Find the
o 3 of k.
possible values of k.
k=-1,-4 k=-1
9. d (2 10 d( x f
i — = Giventhat —| —— | = T(X), find the value of
(sPmo1)  Given that dx( - j g(x), find dx(x—lj (X)
3 3
the value of I(ZX— g(x))dx I (4x+ f(x))dx
2
2
9
2 13%
11. d( x-1 12
Given that —(—j = h(x), find thevalue Given that d 1—23 = W(X), find the value of
dx\ x+2 dx\ (x+1)
1 1
of [ (6 —4h(x))dx [ (6w(x) —3)dx
0 0
(4] [ —66]
Integration 16




